This paper introduces new subdifferential concepts together with their main properties and place with respect to other subdifferential notions.
a µ * −bounded subset of X * and V a neighborhood of x such that L is lower semicontinuous on V (l.s.c. near x for short) and for every y ∈ V , λ ≥ 0, x * ∈ X * ∂(L + x * + λd(·, y))(y) ⊂ ∂L(y) + x * + λM.
(1)
Theorem 2 Let (X, s) be a metrizable topological vector space and let d be a compatible metric on X such that (X, d) is a complete metric space. Let µ * be a linear topology on X * and let ∂ : R X × X ⇒ X * be a subdifferential with the property:
[M] For every L : X → R, if x 0 is a local minimum of L and L(x 0 ) ∈ R then 0 ∈ ∂L(x 0 ).
Then for every x ∈ X, L ∈ S µ * (∂, x),
Here x * ∈ s × µ * − lim sup y→x ∂L(y) if there exists a sequence {(y n , y * n )} n ⊂ Graph(∂L) such that y n → s x in X, y * n → µ * x * in X * , as n → ∞, and lim n→∞ L(y n ) = L(x).
Remark 3 Most of the time the subdifferential ∂ : R X × X ⇒ X * satisfies a sum rule of the form ∂(L + x * + λd(·, y))(y) ⊂ ∂L(y) + x * + λ∂d(·, y))(y),
together with ∂d(·, y))(y) is µ * −bounded, for some linear topology µ * of X * . For example when (X, · ) is a normed space and d(x, y) := x − y , x, y ∈ X then ∂d(·, y))(y) = ∂d(·, 0))(0) = B X * (0; 1) := {x * ∈ X * | x * ≤ 1} is strongly bounded whenever ∂ coincides with the Fenchel subdifferential on the class of convex continuous functions.
Recall that for (X, · ) a Banach space we call an abstract subdifferential or quasi presub-
with the property:
Here " S" stands for the Fenchel (convex) subdifferential, s is the strong topology of X, and lim sup y→x ∂f (y) is the sequential s × w * −limit superior defined in Theorem 2.
In a normed space (X, · ) we use the simplified notation B(x 0 ; r) := {x ∈ X | x − x 0 ≤ δ}, r > 0 and "→" for the strong convergences in X or X * .
Theorem 4 Let (X, · ) be a Banach space and let ∂ : R X × X ⇒ X * be an abstract subdifferential on F. Then for every x ∈ X and L ∈ F that is l.s.c. near x,
2 Definition, properties, and a sum rule
Theorem 5 Let (X, s) be a metrizable topological vector space and let d be a compatible metric on X. Let f, g : X → R.
(a) For every x ∈ X, Sf (x) ⊂ ðf (x). If, in addition, f is convex then, for every x ∈ X, ðf (x) = Sf (x). If, in addition, (X, · ) is a normed space then (e) For every x ∈ X, ðf (x) is closed. Remark 7 Note first that ð(− · )(0) = ∅. Lemma 9 Let (X, · ) be a normed space and let f : X → R, g : X → R ∪ {+∞}. If x 0 ∈ X is a local minimum point of f + g and f (x 0 ) ∈ R then ð(−g)(x 0 ) ⊂ ðf (x 0 ).
Theorem 10 Let (X, · ) be a normed space and let f, g : X → R. If x 0 ∈ X is a local minimum point of f + g, g is proper convex, and ð(−g)(x 0 ) = ∅ then 0 ∈ ðf (x 0 ) + ðg(x 0 ).
